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Spontaneous parametric down-conversion (SPDC) is the most widely-used method to generate
higher-order Fock states (n ≥ 2). Yet, a consistent performance analysis from fundamental principles
is missing. Here we address this problem by introducing a framework for state fidelity and generation
probability under the consideration of losses and multimode emission. With this analysis we show the
fundamental limitations of this process as well as a trade-off between state fidelity and generation
rate intrinsic to the probabilistic nature of the process. This identifies the parameter space for
which SPDC is useful when generating higher-order Fock states for quantum applications. We
experimentally investigate the strong pump regime of SPDC and demonstrate heralded Fock states
up to |n〉 = 4.
Introduction – As a representation of a discrete and
well-defined number of excitations of the quantized elec-
tromagnetic fields, photon number states or Fock states
are of significant fundamental and practical interest in
quantum optics. They are the building blocks from
which a range of exotic states may be constructed [1],
and find direct utility in metrology [2–4] and quantum
information processing protocols [5]. Common to all
these applications is that they become more advanta-
geous with the size n of the Fock state |n〉. However,
generating higher-order Fock states becomes a challeng-
ing task and different approaches have been investigated
to generate them [6–10]. To date, the most common pro-
cess is strongly-pumped spontaneous parametric down-
conversion (SPDC) in a nonlinear material [11–15].
This consists of a nondeterministic decay of pump pho-
tons into precisely correlated numbers of photons in two
modes (signal and idler). Increasing the number of pump
photons increases the chance of multiple decays, result-
ing in signal and idler modes with higher occupation
numbers. In collinear Type II or non-degenerate Type I
SPDC, these two modes are distinguishable (in polar-
ization or frequency, respectively). The photon number
correlations between the modes can be exploited to “her-
ald” the generation of a particular Fock state: a projec-
tive measurement onto a specific photon number n of the
idler mode will result in the preparation of an |n〉 photon
Fock state in the signal mode (see Fig. 1).
Although heralded SPDC is the most widely used
method to generate higher order Fock states, a detailed
study of the optimal parameter range beyond the spe-
cial cases for heralding one or two photons [16, 17] is
missing. In particular, the interplay of heralding photon
numbers arising from different underlying spectral modes
(Schmidt modes) renders this problem highly non-trivial.
In this letter we investigate the effects of losses and
spectral multimodeness on heralding probability and fi-
delity of the produced state to an n photon Fock state |n〉.
This reveals the fundamental limits to generate higher-
order Fock states with SPDC and shows a general trade-
off between state fidelity and heralding probability.
Furthermore we compare our findings with experimen-
tal results from a ppKTP waveguide source which has
shown high brightness [15] and which can be engineered
to emit light into a single mode [18]. This implementation
investigates for the first time different pump intensities
to maximize the generation probability of higher order
Fock states. To simplify our analysis, we neglect higher
order non-linear effects and time ordering [19, 20].
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FIG. 1. Generating higher order Fock states with type II
parametric down-conversion (PDC). Signal and idler mode
are split one a polarizing beam splitter (PBS). Losses as well
as spectral multimodeness are considered. For further infor-
mation see text.
Theoretical description – We model the state gener-
ated by a Type II SPDC process with a general two-mode
squeezed multi-spectral-mode PDC state given by
|ψ〉 =
⊗
k
√
1− |Λk|2
∑
n
Λnk |n, n〉k , (1)
where k labels the modes, Λk = tanh(rk) specifies the
squeezing in dependence of the squeezing parameter r
and n is the photon number. In the scope of this work
we will consider different spectral modes k. The photon
number probability pn for each spectral mode in Eq. 1
is given by a geometric distribution. Without additional
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2experimental effort it is not possible to distinguish the
different spectral modes with standard photon detectors.
Mathematically this is described by the convolution of
the different spectral modes. Calculating the resulting
distribution is a known problem and has been solved pre-
viously with generating functions [21]. Here we develop
a framework to describe the probability distribution by
a discrete phase-type distribution [22]. It has the advan-
tage of minimal computational effort as only matrix mul-
tiplications need to be carried out. In order to calculate
the convoluted state distribution the vacuum probabili-
ties qk = 1 − |Λk|2 for the different modes k need to be
written as a matrix of the following form
M =

1− q1 q1 0 . . . 0
0 1− q2 q2 . . . 0
0 0 1− q3 . . . 0
...
...
...
. . .
...
0 0 0 . . . 1− qKmax
 . (2)
Then the probability of finding n photons in up to Kmax
modes with vacuum probabilities q = (q1, q2, ..., qKmax) is
given by
pn(q) = αM
n+Kmax−1M0 , (3)
where α = (1, 0, ..., 0) and M0 = (0, 0, ..., qKmax)
T . Kmax
defines the number of modes that are considered. An
even simpler solution is possible if all spectral modes have
the same vacuum probability (see supplement). From
now on, we will assume Gaussian functions for the pump
spectrum and for the phase matching, which is a valid
assumption if, for example, spectral filtering or apodized
poling [23, 24] is used. In this case, the squeezing pa-
rameter rk for the kth mode is exponentially decreasing
[25]
rk = B · λk
λk =
√
(1− µ2)µk−1 , (4)
where B is the optical gain that defines the squeezing
strength and µ ∈ [0, 1) determines the effective number
of spectral modes known as the Schmidt number K =
1/
∑
k(λ
4
k). We want to stress here that this definition
of the Schmidt number does not depend on the optical
gain. Any measure that depends on the absolute number
of photons per mode however will change (for example
the g(2)(0) correlation function, for further details see
supplemental material).
Beside the effects arising from multiple modes, we will
also consider losses in the detection process. Losses can
be considered by an appropriate measurement POVM
[26]. Additional effects for example from dark counts or
from time multiplexed detection schemes are not consid-
ered here but can be added to the model [27].
We will consider the fidelity towards the desired Fock-
state in a predefined spectral mode (dominant Schmidt
mode) as a measure for the quality of the heralded state
[28]. As used in [17] we will use the heralding probabil-
ity and the fidelity as described above as the benchmark
parameters.
With this model it is now possible to investigate the
multimode heralding process. At first we will consider
the effect of losses in the heralding (idler) arm for a single
spectral mode. Losses in the signal arm will be consid-
ered in the experimental section to match the theoretical
model to the measured data.
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Squeezing [dB]
0.0
0.1
0.2
0.3
0.4
0.5
P
ro
ba
bi
lit
y 
of
 h
er
al
di
ng
1-photon
2-photon
5-photon
0.0 0.2 1.0 2.0 5.0 10.0 20.0
Mean photon number
(a)
1 2 3 4 5 6 7
Photon number
0.1
0.2
0.3
M
ax
 p
ro
ba
bi
lit
y
0.0 0.2 0.4 0.6 0.8 1.0
Fidelity
0.0
0.2
0.4
0.6
0.8
1.0
P
ro
ba
bi
lit
y 
of
 h
er
al
di
ng
(b) 1-photon
2-photon
5-photon
2 4 6 8 10
Photon number
10
6
10
2
10
2
10
6
H
er
al
di
ng
 ra
te
 [1
/s
]
FIG. 2. Heralding probability and state fidelity are calculated
for the heralding transmission values of 1.0 (cyan), 0.9 (blue)
and 0.5 (red) and a heralded single photon, 2-photon and
5-photon state. (a): Dependence of heralding probability on
the initial squeezing parameter. The inset shows the maximal
generation probability of an n-photon state for a single mode
source. This value is also indicated by grey horizontal lines in
both figures. (b): Relation of heralding probability and state
fidelity while the squeezing value is changed. For a heralding
transmission value of 1.0 (cyan) unit fidelity is always reached.
The bottom inset shows the generation rate for Fock states
under optimistic experimental assumptions (see main text).
The effect of losses in the heralding arm (idler) is shown
in Fig. 2. Heralding probability and state fidelity are
plotted versus the initial squeezing value for a single
mode state. The blue curve assumes a heralding effi-
ciency of 90%, whereas the red curve is calculated for a
heralding efficiency of 50%. It can be seen that losses in
the idler arm are not critical for the heralding probability
because the photon-number distribution of the heralding
mode (heralded mode is traced out) is a thermal state and
3thermal states stay thermal under losses. In principle, a
lower transmission value can always be counteracted by
increasing the squeezing parameter i.e. increasing the
pump power of the SPDC process. The geometric distri-
bution of the thermal state directly reveals the maximal
heralding probability for an n - photon Fock state gener-
ated by a single mode source (cf. top inset Fig. 2) of
pmax,K=1(n) =
nn
(1 + n)1+n
. (5)
The fidelity, on the other hand, is obviously influenced by
losses as photon number correlations between signal and
idler mode are affected. The effect of loss in the heralding
arm can be decreased by reducing the squeezing value;
unit fidelity can always be reached in principle for van-
ishing generation probability. Fig 2 (b) illustrates the
fundamental limits of SPDC for higher-order Fock state
generation as well as the trade-off between generation
probability and state fidelity (the heralding probability
is limited and cannot reach the maximum simultaneously
with the fidelity). This effect becomes more pronounced
for higher photon numbers and for higher losses in the
heralding arm. This is further demonstrated in the in-
set to Fig 2 (b), which shows the generation rate for
Fock states under optimistic experimental assumptions in
term of experimental repetition rate (100 MHz), herald-
ing efficiency (90%) and target fidelity (90%). With these
restrictions it can be shown that only Fock states up to
n=9 can be realized at 0.1 event/s. Further details about
realistic limits in experiments are provided in the supple-
mental material.
Secondly, we can investigate effects from multiple spec-
tral modes as illustrated in Fig. 3. Here the genera-
tion probability and state fidelity are shown versus the
optical gain, which is used as the generalization of the
squeezing parameter for the multimode case (cf. Eq. 4).
The maximal generation probability increases with more
modes present as the mode distribution goes from being
a thermal state to a Possonian distribution pmax(n) =
e−nnn/n!. This is unsuitable for many applications since
it will decrease the spectral purity of the heralded state.
This relation of the Schmidt number and the maximal
achievable fidelity is shown in the inset Fig. 3. Despite
this limit, the maximal probability can be used to de-
termine the Schmidt number of the generated state. In
general, measuring the Schmidt number in the high gain
regime is a difficult task. For example the g2(0) value,
which is typically used to determine the mode number,
is not directly related to the Schmidt number in this
regime [29]. However, if the maximal heralding proba-
bility is used to determine the Schmidt number it should
be noted that losses can change the probability distri-
bution of convoluted thermal states and therefore can
change the maximal heralding probability. This result is
discussed in detail in the supplemental material.
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FIG. 3. Heralding probability (a) and state fidelity (b) ver-
sus the optical gain parameter. For these plots the heralding
transmission value is kept constant at 0.9. Three different
Schmidt values of 1, 1.5 and 2 are plotted (blue, green and yel-
low curve respectively). The inset (b) shows how the Schmidt
number influences the maximal fidelity. Spectral modes up to
Kmax = 35 were considered for these calculations.
Experimental setup and results – To confirm our the-
oretical findings, we experimentally generated higher or-
der Fock states and measured their heralding probabili-
ties and fidelities. For this we used a type-II parametric
down-conversion process (PDC) in a periodically poled
potassium titanyl phosphate (KTP) waveguide. This
crystal is pumped with pulsed light from a Ti:Sapphire
oscillator at 767.5 nm (see Fig. 4). The source is used for
its highly single mode performance [18] and extremely
high brightness [15]. The spectral purity of this source
depends on the phase matching and pump parameters
[30]. Here we use a non-optimal pump bandwidth in or-
der to see an increased effect of multiple spectral modes
[31]. Detection is performed with intrinsic photon num-
ber resolving transition edge sensors [32] (TES). These
detectors offer near unit efficiency and extremely high
photon number discrimination in the few photon regime
[33]. Details about the conversion from TES response
functions to photon numbers can be found in the supple-
mentary material.
We analyzed the heralding probability and state fi-
delity for four different pump intensities. The results are
shown in Fig. 5. Heralding probabilities are analyzed for
up to 7 photons. State fidelities are evaluated for up to
4Ti:Saph
 BP PBS
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PDC generation TES
1
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ppKTP WG
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Spectral 
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FIG. 4. Experimental setup as used in [15]. Pulsed light
from a Ti:Sapphire laser is spectrally filtered by a 4f line and
coupled into a periodically poled KTP waveguide. A band-
pass (BP) filter is used to filter out the pump as well as to
suppress sinc-sidelobes of the phase matching function. Sig-
nal and idler are split on a polarizing beam splitter, (PBS)
coupled into fibers and detected by intrinsic photon number
resolving transition edge sensors (TES).
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FIG. 5. Experimental data (points) for the heralding proba-
bility (a) and the state fidelity without correcting for losses
(b) versus the measured mean photon number. Four different
pump intensities were investigated. Colored lines show the
theoretical values with K = 1.61, ηi = 0.59 and ηs = 0.64
as the only free parameters. In (b) the state fidelity to a
spectrally multimode state is plotted. The state fidelity to a
single-mode state is shown in the supplement. See text for
further details.
4 photons on the heralding detector. Beyond four pho-
tons, the statistical uncertainties as well as errors arising
from photon number identification (cf. [33]) become sub-
stantial. Colored lines show fitted curves based on the
theory shown above. Only one set of fitting parameters
was used for all curves (Schmidt number K = 1.61 and
ηi = 0.59 and ηs = 0.64 for the transmission of the idler
and signal arm respectively). The experimental data can
be described with very high precision with our theory.
Error bars are discussed in the supplement. Small devi-
ations can be most likely explained by coupling drifts in
the setup between the four measurement runs.
The setup shown in Fig. 4 is not able to distinguish
spectral modes to determine the single-mode state fi-
delity directly. Instead the convolution of all modes was
measured and compared to theory with K = 1.61 (com-
pare Fig. 5). The corollary of this is that this measurment
can be used to extract the modal behaviour even without
a mode resolving measurement, by fitting the experimen-
tal data with our multimode theoretical model. A similar
approach has also been shown in [34].
It can be seen that the measured heralding probabil-
ity for different heralded Fock states is higher than the
single mode theory predicts (e.g. the 1-photon curve in
Fig. 5(a) goes above 25%). This shows the importance of
considering a multimode theory even though fewer than
two Schmidt modes are present. The theory in this pa-
per excludes time ordering but when searching for time
ordering phenomena the effects presented here should be
considered. Additionally it can be seen that rather high
mean photon numbers are required to herald higher or-
der Fock states with reasonable probability. In order to
generate these squeezing values in a single pass configu-
ration, waveguided nonlinear materials are essential. If
losses for the signal (heralded photon) are included (as
shown in Fig. 5) more optical gain can be beneficial to
increase the state fidelity. In this case losses and higher
order contributions increase the generation probability of
the desired state. However, for low signal losses, which
are required for most applications were higher order Fock
states are involved, the state fidelity is strictly decreasing
for higher optical gain.
Conclusion – Spontaneous parametric down-
conversion is the most widely used tool to generate
higher-order optical Fock states. In this letter the limi-
tations of this process in terms of generation probability
and state fidelity under the consideration of losses and
spectral multimodeness were investigated. We found
absolute limits for the generation of Fock states in SPDC
as well as a fundamental trade-off between generation
probability and state fidelity for low signal losses. This
means that high fidelity Fock states under realistic
experimental constraints and generation probabilities
cannot be realized beyond n = 9 at 0.1 event/s. We have
experimentally investigated different pump intensities to
maximize the generation probability of higher-order Fock
states and showed that waveguided spectrally engineered
sources offer many essential advantages for pulsed SPDC
as they allow for high generation probabilities and
single mode emission. With this result is it possible to
calculate the feasibility of new experiments requiring
5higher order Fock states. At the same time this stresses
that alternative approaches to generate higher-order
Fock states, as for example shown in [9, 10], need be
explored further.
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7Supplemental material:
Convolution of spectral modes with equal strength: –
Here we will consider spectral modes with the same
vacuum probability q to derive the heralding probability.
Every mode is a geometric distribution:
pn(q) = q(1− q)n , (6)
with the vacuum probability q = 1− |Λ|2. The convolu-
tion of two modes pn,2 is given by
pn,2(q) =
n∑
i=0
pi(q) · pn−i(q) . (7)
This can be extended for K spectral modes if the new
distribution is convoluted recursively with a geometric
distribution. The resulting distribution after K steps is
known as a negative binomial distribution
pn,K(q) =
(
n+K − 1
n
)
(1− q)nqK . (8)
In the limit of infinite modes the distributions becomes
Possonian and the maximal probability to herald an n-
photon Fock state is
pmax(n) =
e−nnn
n!
. (9)
Likewise we can investigate the maximal fidelity of the
heralded state towards an n-photon state in the first
Schmidt mode and vacuum in all the other modes
(F(ρ, σ) = (tr√√ρσ√ρ)2 ). For spectral modes that
have the same vacuum probability an analytic solution
can be found:
Fmax = (K − 1)!n!
(K + n− 1)! . (10)
For the more general case where the vacuum probabili-
ties qk are strictly decreasing, one can find at least an
expression for the heralding probability
p(n) =
Kmax∏
i=1
qi ·
Kmax∑
j=1
(−1)j(1− qj)n+Kmax−1∏
m 6=j |qj − qm|
. (11)
Error bars – The error bars shown in Fig. 5 can be
decomposed into three different error sources. A) Statis-
tical errors due to finite measurement time. This error
source is very small for most data points as the sam-
ple size is large. For the data points were less than 10
000 data events were present the statistical uncertainties
were calculated based on estimating the success proba-
bility of a Bernoulli process. B) Time dependent fluc-
tuations in the setup. This effect could for example be
caused by thermal fluctuations in the lab resulting in
coupling drifts. We analyzed this effect using the Allan-
Variance (Fig. 6). However the data within each of the
four measurements only showed negligible signs of drifts.
C) Converting the continuous output function from TESs
into photon numbers. For this experiment this conver-
sion is the main error source. This conversion is a known
problem which is analyzed in detail in [33]. Here we use a
slightly different approach of assuming Gaussian response
functions for the individual photon numbers and fitting
them to the data. Fig. 7 shows a histogram of the volt-
age signal from the TES. The voltage signal for an event
here was summed and multiplied by an average voltage
response curve. Each peak corresponds to a certain pho-
ton number. Vertical lines show the acceptance windows
for the different photon numbers. The fitted Gaussians
were used to calculate the probability that the response
of a certain photon number was not inside the acceptance
window and the probability that a click inside the accep-
tance window was caused by a different photon number
event. These two probabilities cause asymmetric error
bars as shown in Fig. 5. The error could be reduced by
using narrower acceptance windows as suggested in [33].
However, this method is not used in the context of this
paper as this would decrease the heralding probability.
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FIG. 6. Allan variance of the measured photon numbers. The
plot shows that there is no measurable drift (e.g. in waveguide
coupling) over one measurement run as the Allan variance is
decreasing with sample size.
Schmidt decomposition – As shown in [29] we per-
form a Schmidt decomposition on the spectral correlation
function f(ωs, ωi) of the PDC Hamiltonian
HPDC = A
∫
dωs
∫
dωif(ωs, ωi)a
†
s(ωs)a
†
i (ωi) + h.c. .
(12)
Here A is a constant characterizing the interaction
strength. We want to point out that squeezing value and
Schmidt decomposition are independent as the Schmidt
decomposition is performed on the spectral correlation
function f of the operators. However as shown in [35]
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FIG. 7. Histogram showing summed pulse response from a
TES (blue curve) multiplied by an average pulse response.
First peak corresponds to a vacuum event, second peak to
a detected single photon etc. The sum of multiple Gaussian
functions where fitted to the data (dashed red curve). The in-
dividual Gaussian functions (red curves) are used to calculate
the error bars.
the relative number of photons per mode is changing
with pump power. This means that at high gain most of
the photons will be produced in the dominant Schmidt
mode. Therefore sensitive measures to this value like the
g(2) should be used carefully in the high gain regime [29].
We want to stress here again that changing the pump in-
tensity does not change the Schmidt number. A Schmidt
decomposition requires two sets of orthonormal functions
and therefore it is not possible to rescale the Schmidt co-
efficients in the high gain regime.
It should be noted that the state fidelity is very
sensitive to the Schmidt number. This is different
from other applications where for example a photon is
subtracted. In that case increasing the gain can help
to compensate the multimodeness because the relative
number of photons per mode is changing with gain. In
the high gain regime the dominant mode is amplified
most and therefore increasing the probability to subtract
a photon from this mode. The important point is that
heralding higher order Fock states is different from
this photon subtraction scenario. Multimodeness will
result in a lower state fidelity as here a specific photon
number n is fixed by the heralding process. The ratio
of the generation probability (for a fixed n) of the first
Schmidt mode and the sum of all other modes is strictly
decreasing with increasing pump intensity. This means
that choosing the appropriate phase matching and pump
bandwidth of the SPDC process (typically known as
source engineering) is very important for heralding Fock
states. Spectral filtering is also not an option as this will
increase losses in the system [36].
Fidelity – In order to quantify the quality of the her-
alded state, the fidelity to a desired Fock state n in a
given spectral mode k will be calculated. This spectral
mode is chosen to be the largest mode in the Schmidt
decomposition of the state (k = 1). We will use state
fidelity from now on for this value. At first we will con-
sider no losses for the signal arm, whose effects are then
added in the second step.
Fidelity without losses for the signal:
The state fidelity can be calculated from the probabil-
ity to generate n photons in the dominant mode pn,k=1
times the probability to have vacuum in all the other
modes p0,k>1, divided by the heralding probability pn for
this photon number. If photons were produced in other
spectral modes they would also be present in the her-
alded state as no losses are present there. Losses in the
idler arm will influence the heralding probability pn.
Fidelity with losses for the signal:
If losses in the signal arm are present more cases need
to be considered. For example we can investigate the
case where 1 photon was incident on the heralding detec-
tor. Two possibilities can now lead to the desired single
photon state in the correct spectral mode. A: one pho-
ton from the correct spectral mode caused the heralding
event and one photon from this mode also was transmit-
ted in the signal arm while no photon in the other modes
where produced or they were lost. B: no photons from
the first mode reach the heralding detector but one pho-
ton from this mode is transmitted through the signal arm
while one photon from one of the other modes is causing
the heralding event and no photons from the other modes
are transmitted through the signal arm.
Generalizing this example yields
F(|n〉〈n|k=1 , ρ) =
1
pn
n∑
i=0
pk=1(n, n− i)pk>1(0, i) , (13)
with a heralding probability pn from all modes, a proba-
bility pk=1(n, n − i) of n photons in the signal arm and
n− i photons in the idler arm of the first spectral mode
and a probability pk>1(0, i) of zero photons in the signal
arm and i photons in the idler arm from all other spectral
modes. All probabilities have to be calculated after ap-
plying the loss operations. It should be noted that losses
in the idler arm can actually increase the state fidelity for
a fixed amount of loss in the signal arm. This effect comes
from the fact that the desired photon number probability
for the signal pk=1(n) can be increased from higher order
photon number contributions and losses contributing to
this probability. In specific cases it can be beneficial for
the state fidelity to herald on a different photon number
j than the desired fock state n 6= j. These cases are
not considered here as they only occur for high photon
numbers or low transmission values.
As shown in the main text the Schmidt number and
detection efficiency can be extracted from the measured
data. Based on these values the single mode fidelity of
the heralded state towards the desired Fock state in the
strongest spectral mode can be extracted. This plotted
9in light colors (Fig. 8).
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FIG. 8. Experimental data (points) the state fidelity (b) in de-
pendence of the generation probability. Four different pump
intensities were investigated. Colored lines show the theoret-
ical values with K = 1.61, ηi = 0.59 and ηs = 0.64 as the
only free parameters. In (b) strong colors and the measured
data points, show the case where spectral multimodeness is
not considered. Light colors include spectral multimodeness.
See text for further details.
Realistic limits for generating Fock states – In
order to calculate the highest Fock state n that can be
generated with SPDC, we assume optimistic values for
an experiment. We choose a fidelity of 90% with respect
to the desired Fock state as a threshold for acceptable
quality. We will not consider losses in the signal arm
and assume perfect emission into a single Schmidt mode.
Heralding efficiency: We will take a heralding efficiency
of η = 90%. This is above the highest value that has
been shown in the literature (see e.g. [37]), but may be
achievable in principle. Generation probability: In order
to acquire enough statistics in a reasonable time we
aim for 0.1 event/s. The maximal repetition rate of the
experiment is limited by the laser system as well as the
detection system. Typical laser systems used for these
experiments are Ti:Sapphire laser, which offer repetition
rates around 108 pulses/s, as well as high energies in
transform-limited pulses. We will chose this value as
an optimistic value for the repetition rate although the
detection part of the experiment may be slower. With
these restrictions it can be shown that only Fock states
up to n = 9 can be realized at 0.1 event/s.
Spectral mode changes under losses – A thermal state
will stay thermal under losses. In addition we can de-
scribe a thermal state completely by analyzing the vac-
uum probability q (cf. (6)). This means that we can
find an expression for a new thermal state with vacuum
probability q′ after a transmission value of η
q′ =
∞∑
i=0
(
i
0
)
(1− η)iη0 · q(1− q)i
=
q
q + η − qη .
(14)
Expressing the vacuum probability by the squeezing pa-
rameter yields
r′ = arctanh
(√
η tanh(r)2
1 + (η − 1) tanh(r)2
)
. (15)
Fig. 9 visualizes Eq. 15. Two different linear regions can
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FIG. 9. Visualizing the relationship between a squeezing pa-
rameter of a thermal state before and after loss. Red lines
illustrate the two linear regions with a slope of
√
η and 1.
be identified. Region A has the slope of
√
η region B has
a slope of 1. The ratio between multiple spectral modes
can only be preserved under losses if low squeezing
parameters are present (all squeezing parameters in
region A) such that r′ is linear in r. In general their
ratio will change although all individual thermal states
stay thermal under losses. This is an important result
as time ordering effects (which are not considered here)
also predict the spectral changes in this squeezing regime.
